1. Introduction {#sec1}
===============

Interval arithmetic was first suggested by Dwyer \[[@B3]\] in 1951. Furthermore, Moore and Yang \[[@B9], [@B10]\] have developed applications to differential equations. Chiao in 2002 \[[@B7]\] introduced sequence of interval numbers and defined usual convergence of sequences of interval number. Recently, Zararsız and Şengönül \[[@B13]\] introduced null, bounded, and convergent sequence space of modals. Hahn in 1922 \[[@B5]\] defined *h* space and G. Goes and S. Goes \[[@B4]\] in 1970 studied the functional analytic properties of this space. The Hahn sequence space was initiated by Rao in 1990 \[[@B1]\]. The present paper is devoted to the study of Hahn sequence space of modal intervals.

Let us denote the set of all real valued closed interval by *I*, the set of positive integers by *N*, and the set of all real numbers by *ℜ*. Any element of *I* is called interval number and it is denoted by $\hat{x}$. That is $\hat{x} = \{ x \in \mathfrak{R}:\underset{\_}{x} \leq x \leq \overset{-}{x}\}$. An interval number $\hat{x}$ is a closed subset of real numbers. Let $\underset{\_}{x}$ and $\overset{-}{x}$ be, respectively, first and last points of the interval number $\hat{x}$. Therefore, when $\underset{\_}{x} > \overset{-}{x}$, $\hat{x}$ is not an interval number. But in modal analysis $\lbrack\overset{-}{x},\underset{\_}{x}\rbrack$ is a valid interval. A modal $\overset{\sim}{x} = \{\lbrack\underset{\_}{x},\overset{-}{x}\rbrack:\underset{\_}{x},\overset{-}{x} \in \mathfrak{R}\}$ is defined by a pair of real numbers $\overset{-}{x},\underset{\_}{x}$. Let us denote the set of all modals by *gI*. Let us suppose that $\overset{\sim}{x},\overset{\sim}{y} \in gI$. Then the algebraic operations between $\overset{\sim}{x}$ and $\overset{\sim}{y}$ are defined in the Kaucher arithmetic \[[@B8]\]. For a modal $\overset{\sim}{x} = \lbrack\underset{\_}{x},\overset{-}{x}\rbrack\text{dual}$ operator is defined as $\text{dual}\overset{\sim}{x} = \lbrack\overset{-}{x},\underset{\_}{x}\rbrack$. Thus, if $\overset{\sim}{x} \in gI$, then $\overset{\sim}{x} - \text{dual}\overset{\sim}{x} = \lbrack 0,0\rbrack = \overset{\sim}{0}$, $\text{dual}\overset{\sim}{x} \in gI$. Let us suppose that $\overset{\sim}{x} \in gI$; then $\overset{\sim}{x}$ is called symmetric modal if $\underset{\_}{x} = - \overset{-}{x}$ or vice versa.

The set of all modals *gI* is a metric space with the metric *d* defined by $$\begin{matrix}
{d\left( {{\overset{\sim}{x}}_{1},{\overset{\sim}{x}}_{2}} \right) = \max\left\{ {\left| {\underset{\_}{x_{1}} - \underset{\_}{x_{2}}} \right|,\left| {{\overset{-}{x}}_{1} - {\overset{-}{x}}_{2}} \right|} \right\}.} \\
\end{matrix}$$

If $\overset{\sim}{x},\overset{\sim}{y} \in gI$ and $\underset{\_}{x} \leq \overset{-}{x}$, $\underset{\_}{y} \leq \overset{-}{y}$ then the set *gI* is reduced ordinary set of interval numbers which is complete metric space with the metric *d* defined in ([1](#EEq1.1){ref-type="disp-formula"}) \[[@B7]\]. If we take ${\overset{\sim}{x}}_{1} = \lbrack a,a\rbrack$ and ${\overset{\sim}{x}}_{2} = \lbrack b,b\rbrack$, we obtain the usual metric of *ℜ* with $d({\overset{\sim}{x}}_{1},{\overset{\sim}{x}}_{2}) = \left| {a - b} \right|$, where *a*, *b* ∈ *ℜ*.

2. Definitions and Preliminaries {#sec2}
================================

Let *f* be a function from *N* to *gI* which is defined by $\left. k\rightarrow f(k) = \overset{\sim}{x} \right.$, $\overset{\sim}{x} = ({\overset{\sim}{x}}_{k})$. Then $({\overset{\sim}{x}}_{k})$ is called sequence of modals. We will denote the set of all sequences of modals by *w*(*gI*).

For two sequences of modals $({\overset{\sim}{x}}_{k})$ and $({\overset{\sim}{y}}_{k})$, the addition, scalar product, and multiplication are defined as follows: $({\overset{\sim}{x}}_{k} + {\overset{\sim}{y}}_{k}) = \lbrack{\underset{\_}{x}}_{k} + {\underset{\_}{y}}_{k},{\overset{-}{x}}_{k} + {\overset{-}{y}}_{k}\rbrack$, $(\alpha{\overset{\sim}{x}}_{k}) = \lbrack\alpha{\underset{\_}{x}}_{k},\alpha{\overset{-}{x}}_{k}\rbrack$, *α* ∈ *ℜ*, $({\overset{\sim}{x}}_{k}{\overset{\sim}{y}}_{k}) = \lbrack\min({\underset{\_}{x}}_{k}{\underset{\_}{y}}_{k},{\underset{\_}{x}}_{k}{\overset{-}{y}}_{k},{\overset{-}{x}}_{k}{\underset{\_}{y}}_{k},{\overset{-}{x}}_{k}{\overset{-}{y}}_{k})$,${\,\,}\max({\underset{\_}{x}}_{k}{\underset{\_}{y}}_{k},{\underset{\_}{x}}_{k}{\overset{-}{y}}_{k},{\overset{-}{x}}_{k}{\underset{\_}{y}}_{k},{\overset{-}{x}}_{k}{\overset{-}{y}}_{k})\rbrack$, respectively.

The set *w*(*gI*) is a vector space since the vector space rules are clearly provided. The zero element of *w*(*gI*) is the sequence $\overset{\sim}{\theta} = ({\overset{\sim}{\theta}}_{k}) = (\lbrack 0,0\rbrack)$, all terms of which are zero interval. If $({\overset{\sim}{x}}_{k}) \in w(gI)$ then inverse of $({\overset{\sim}{x}}_{k})$, according to addition, is $\text{dual}({\overset{\sim}{x}}_{k})$.

Let *λ*(*gI*) ⊂ *w*(*gI*). If a sequence space contains a sequence $({\overset{\sim}{e}}_{n})$ of modals with the property that for every $\overset{\sim}{u} \in \lambda(gI)$ there is a unique sequence of scalars $({\overset{\sim}{t}}_{n})$ such that ${\lim}_{n}\left. d(\overset{\sim}{u},{\overset{\sim}{t}}_{1}{\overset{\sim}{e}}_{1} + \cdots + {\overset{\sim}{t}}_{n}{\overset{\sim}{e}}_{n})\rightarrow\overset{\sim}{0} \right.$ then $({\overset{\sim}{e}}_{n})$ is called a Schauder modal basis for *λ*(*gI*). The series $\sum_{k = 1}^{\infty}{{\overset{\sim}{t}}_{k}{\overset{\sim}{e}}_{k}}$ which has the sum $\overset{\sim}{u}$ is then called the expansion of $\overset{\sim}{u}$ with respect to $({\overset{\sim}{e}}_{n})$, and we write $\overset{\sim}{u} = {\sum_{k = 1}^{\infty}{{\overset{\sim}{t}}_{k}{\overset{\sim}{e}}_{k}}}$.

Let *λ*(*gI*) and *μ*(*gI*) be linear space of modals. Then a function $\left. \overset{\sim}{A}:\lambda(gI)\rightarrow\mu(gI) \right.$ is called a linear transformation if and only if, for all ${\overset{\sim}{u}}_{1},{\overset{\sim}{u}}_{2} \in \lambda(gI)$ and all ${\overset{\sim}{t}}_{1},{\overset{\sim}{t}}_{2} \in gI$, $\overset{\sim}{A}({\overset{\sim}{t}}_{1}{\overset{\sim}{u}}_{1} + {\overset{\sim}{t}}_{2}{\overset{\sim}{u}}_{2}) = {\overset{\sim}{t}}_{1}\overset{\sim}{A}{\overset{\sim}{u}}_{1} + {\overset{\sim}{t}}_{2}\overset{\sim}{A}{\overset{\sim}{u}}_{2}$.

Proposition 1 .If $({\overset{\sim}{x}}_{k})$, $({\overset{\sim}{y}}_{k})$, and $({\overset{\sim}{r}}_{k})$ are sequences of symmetric modal, then the following equality holds: $$\begin{matrix}
{\left( {\overset{\sim}{x}}_{k} \right)\left\{ {\left\{ {\overset{\sim}{y}}_{k} \right\} - \left\{ {\overset{\sim}{r}}_{k} \right\}} \right\} = \left( {\overset{\sim}{x}}_{k} \right)\left( {\overset{\sim}{y}}_{k} \right) - \left( {\overset{\sim}{x}}_{k} \right)\left( {\overset{\sim}{r}}_{k} \right).} \\
\end{matrix}$$

Definition 2 .A sequence $\overset{\sim}{x} = ({\overset{\sim}{x}}_{k}) \in w(gI)$ of modals is said to be convergent to the modal ${\overset{\sim}{x}}_{0}$ if for each *ε* \> 0 there exists a positive integer *n* ~0~ such that $d({\overset{\sim}{x}}_{k},{\overset{\sim}{x}}_{0}) < \varepsilon$ for all *k* ≥ *n* ~0~ and we denote it by writing ${\lim}_{k}{{\overset{\sim}{x}}_{k} = {\overset{\sim}{x}}_{0}}$. Thus, $\left. {{\lim}_{k\rightarrow\infty}{{\overset{\sim}{x}}_{k} = {\overset{\sim}{x}}_{0}}}\Leftrightarrow{{\lim}_{k\rightarrow\infty}{{\underset{\_}{x}}_{k} = {\underset{\_}{x}}_{0}}} \right.$ and ${\lim}_{k\rightarrow\infty}{{\overset{-}{x}}_{k} = {\overset{-}{x}}_{0}}$.

Definition 3 .A sequence of modals, $\overset{\sim}{x} = ({\overset{\sim}{x}}_{k}) \in w(gI)$, is said to be modal fundamental sequence if for every *ε* \> 0 there exists *k* ~0~ ∈ *N* such that $d({\overset{\sim}{x}}_{k},{\overset{\sim}{x}}_{n}) < \varepsilon$ whenever *n*, *k* \> *k* ~0~.

Definition 4 .A sequence of modals *w*(*gI*) is said to be solid if $\overset{\sim}{y} = ({\overset{\sim}{y}}_{k}) \in w(gI)$ whenever $||{\overset{\sim}{y}}_{k}\mathop{\text{||}} \leq \mathop{\text{||}}{\overset{\sim}{x}}_{k}||$ for all *k* ∈ *N* and $\overset{\sim}{x} = ({\overset{\sim}{x}}_{k}) \in w(gI)$.

Definition 5 .A sequence of generalized intervals *w*(*gI*) is said to be monotone if *w*(*gI*) contains the canonical preimage of all its step spaces.

Definition 6 (Weierstrass *M*-test).Let $\left. {\overset{\sim}{f}}_{k}:gI\rightarrow gI \right.$ be given. If there exists an *M* ~*k*~ ≥ 0 such that $d\lbrack{\overset{\sim}{f}}_{k}(\overset{\sim}{x}),\overset{\sim}{0}\rbrack \leq M_{k}$ and the series ∑~*k*=1~ ^*∞*^ *M* ~*k*~ converges, then the series $\sum_{k = 1}^{\infty}{{\overset{\sim}{f}}_{k}(\overset{\sim}{x})}$ is uniformly and absolutely convergent in *gI*.

The following spaces are needed for our work: $$\begin{matrix}
{c_{0}\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\underset{k\rightarrow\infty}{\lim}d\left\{ {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\} = 0} \right\}} \\
{c\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\underset{k\rightarrow\infty}{\lim}d\left\{ {{\overset{\sim}{u}}_{k},{\overset{\sim}{u}}_{0}} \right\} = 0} \right\}} \\
{l_{\infty}\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\underset{k}{\sup}d\left\{ {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\} < \infty} \right\}} \\
{cs\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\underset{n\rightarrow\infty}{\lim}d\left\{ {{\sum\limits_{k = 0}^{n}{\overset{\sim}{u}}_{k}},{\overset{\sim}{u}}_{0}} \right\} = 0} \right\}} \\
{bs\left( gI \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\underset{n}{\sup}\left\{ {d\left\{ {{\sum\limits_{k = 1}^{n}{\overset{\sim}{u}}_{k}},\overset{\sim}{0}} \right\}} \right\} < \infty} \right\}} \\
{l_{1}\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:{\sum\limits_{k = 1}^{\infty}{d\left\{ {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\}}} < \infty} \right\}} \\
{bv\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:{\sum\limits_{k = 1}^{\infty}{d\left\{ {{\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right\}}} < \infty} \right\}} \\
{bv_{0}\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right. \in w\left\{ {gI} \right.:{\sum\limits_{k = 1}^{\infty}{d\left\{ {{\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right.}} < \infty,} \right.} \\
{\quad\quad\left. {\underset{k\rightarrow\infty}{\lim}d\left( {\overset{\sim}{u}}_{k},\overset{\sim}{0} \right) = 0\phantom{\overset{\sim}{u} = \left. {\overset{\sim}{u}}_{k} \right\} \in w\left. {gI} \right\}:{\sum\limits_{k = 1}^{\infty}{d\left. {{\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right\}}} < \infty,}} \right\}} \\
{\sigma_{\infty}\left( gI \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\underset{n}{\sup}\frac{1}{n}d\left\{ {{\sum\limits_{k = 1}^{n}{\overset{\sim}{u}}_{k}},\overset{\sim}{0}} \right\} < \infty} \right\}} \\
{{\int{E\left( gI \right)}} = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\left\{ {k{\overset{\sim}{u}}_{k}} \right\} \in E\left\{ {gI} \right\}} \right\}} \\
{\phantom{hhhhhhhhhhh}\text{is}{\,\,}\text{the}{\,\,}\text{integrated}{\,\,}\text{space}{\,\,}\text{of}{\,\,}E\left( gI \right)} \\
{dE\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\left\{ {\frac{1}{k}{\overset{\sim}{u}}_{k}} \right\} \in E\left\{ {gI} \right\}} \right\}} \\
{\phantom{hhhhhhhhh}\text{is}{\,\,}\text{the}{\,\,}\text{differentiated}{\,\,}\text{space}{\,\,}\text{of}{\,\,}E\left( {gI} \right).} \\
\end{matrix}$$

3. Main Results {#sec3}
===============

Define a sequence $\overset{\sim}{y} = ({\overset{\sim}{y}}_{k})$ which will be frequently used as the *T*-transform of a sequence $\overset{\sim}{x} = ({\overset{\sim}{x}}_{k}) \in w(gI)$. That is, ${\overset{\sim}{y}}_{k} = (T\overset{\sim}{x})_{k} = k({\overset{\sim}{x}}_{k} - {\overset{\sim}{x}}_{k + 1})$, *k* ≥ 1.

We introduce the sequence spaces *h*(*gI*) and *h* ~*∞*~(*gI*) as the set of all sequences such that *T*-transforms of them are in *l*(*gI*).

That is, $$\begin{matrix}
{h\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left( {\overset{\sim}{u}}_{k} \right) \in w\left( gI \right):{\sum\limits_{k = 1}^{\infty}{d\left\{ {\left\{ {T\overset{\sim}{u}} \right._{k},\overset{\sim}{0}} \right. < \infty,}}} \right.} \\
{\phantom{hhh}\left. {\underset{k\rightarrow\infty}{\lim}d\left. {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\} = 0\phantom{\overset{\sim}{u} = \left. {\overset{\sim}{u}}_{k} \right\} \in w\left. {gI} \right\}:{\sum\limits_{k = 1}^{\infty}{d\left. {\left. {T\overset{\sim}{u}} \right\}_{k},\overset{\sim}{0}} \right\} < \infty,}}}} \right\},} \\
{h_{\infty}\left( {gI} \right) = \left\{ {\overset{\sim}{u} = \left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\underset{k}{\sup}d\left\{ {\left\{ {T\overset{\sim}{u}} \right\}_{k},\overset{\sim}{0}} \right\} < \infty} \right\}.} \\
\end{matrix}$$ *h*(*gI*) is a normed space with the norm $\left\| \overset{\sim}{u} \right\| = {\sum_{k = 1}^{\infty}{d((T\overset{\sim}{u})_{k},\overset{\sim}{0})}}$.

Example 7 .Consider the sequence $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k})$ defined by $$\begin{matrix}
{\overset{\sim}{u} = \left( {\overset{\sim}{u}}_{k} \right) = \begin{cases}
{\left\lbrack 1,1 \right\rbrack,} & {1 \leq k \leq n} \\
{\left\lbrack 0,0 \right\rbrack,} & {k > n.} \\
\end{cases}} \\
\end{matrix}$$ Note that ${\sum_{k = 1}^{\infty}{d((T\overset{\sim}{u})_{k},\overset{\sim}{0})}} = {\sum_{k = 1}^{\infty}{d(k({\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1}),\overset{\sim}{0})}} = 0$ which is convergent.Also ${\lim}_{k\rightarrow\infty}{d({\overset{\sim}{u}}_{k},\overset{\sim}{0}) = 0}$.Hence $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in h(gI)$.

Theorem 8 .*h*(*gI*) and *h* ~*∞*~(*gI*) are complete metric spaces with the metrics ${\overset{\sim}{d}}_{h}$ and ${\overset{\sim}{d}}_{h_{\infty}}$ defined by $$\begin{matrix}
{{\overset{\sim}{d}}_{h}\left( {\overset{\sim}{u},\overset{\sim}{v}} \right) = {\sum\limits_{k = 1}^{\infty}{d\left\lbrack \left( {T\overset{\sim}{u}} \right)_{k},\left( {T\overset{\sim}{v}} \right)_{k} \right\rbrack}},} \\
\end{matrix}$$ $$\begin{matrix}
{{\overset{\sim}{d}}_{h_{\infty}}\left( {\overset{\sim}{u},\overset{\sim}{v}} \right) = \underset{k}{\sup}d\left\lbrack {\left\lbrack {T\overset{\sim}{u}} \right\rbrack_{k},\left\lbrack {T\overset{\sim}{v}} \right\rbrack_{k}} \right\rbrack,} \\
\end{matrix}$$ respectively, where $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k})$ and $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k})$ are the elements of the space *h*(*gI*) or *h* ~*∞*~(*gI*).

ProofLet $\{{\overset{\sim}{u}}^{(i)}\}$ be any fundamental sequence in the space *h*(*gI*), where $\{{\overset{\sim}{u}}^{(i)}\} = \{{{\overset{\sim}{u}}_{0}}^{(i)},{{\overset{\sim}{u}}_{1}}^{(i)},\ldots\}$. Then for a given *ε* \> 0, there exists a positive integer *n* ~0~(*ε*) such that $$\begin{matrix}
{{\overset{\sim}{d}}_{h}\left( {{\overset{\sim}{u}}^{(i)},{\overset{\sim}{u}}^{(j)}} \right) = {\sum\limits_{k = 1}^{\infty}{d\left\lbrack {\left\lbrack {T{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {T{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack}} < \varepsilon,} \\
{\phantom{hhhhhhhhhhhhhhhhhhhhhhhh}\forall i,j \geq n_{0}\left( \varepsilon \right).} \\
\end{matrix}$$ We obtain for each fixed *k* ∈ *N* from ([8](#EEq3.2.3){ref-type="disp-formula"}) that $$\begin{matrix}
{d\left\lbrack {\left\lbrack {T{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {T{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack < \varepsilon\quad\text{for}{\,\,}\text{every}{\,\,}i,j \geq n_{0}\left( \varepsilon \right){\,\,}} \\
\end{matrix}$$ which leads to the fact that $\{(T{\overset{\sim}{u}}^{(i)})_{k}\}$ is a fundamental sequence in *gI* for every fixed *k* ∈ *N*.Since *gI* is complete, $\{(T{\overset{\sim}{u}}^{(i)})_{k}\}$ converges to $(T\overset{\sim}{u})_{k}$ as *i* → *∞*.Consider the sequence $\{(T\overset{\sim}{u})_{1},(T\overset{\sim}{u})_{2},\ldots\}$; we have from ([9](#EEq3.2.4){ref-type="disp-formula"}) for each *m* ∈ *N* and *i*, *j* ≥ *n* ~0~(*ε*) that $$\begin{matrix}
{{\sum\limits_{k = 1}^{m}{d\left\lbrack {\left\lbrack {T{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {T{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack}} \leq {\overset{\sim}{d}}_{h}\left( {{\overset{\sim}{u}}^{(i)},{\overset{\sim}{u}}^{(j)}} \right) < \varepsilon,} \\
{\phantom{hhhhhhhhhhhhhhhhhhhhhhh}\text{for}{\,\,}i,j \geq n_{0}\left( \varepsilon \right).} \\
\end{matrix}$$ Take any *i* ≥ *n* ~0~(*ε*) and take limit as *j* → *∞* first and then let *m* → *∞* in ([8](#EEq3.2.3){ref-type="disp-formula"}); we obtain $$\begin{matrix}
{{\overset{\sim}{d}}_{h}\left( {{\overset{\sim}{u}}^{(i)},\overset{\sim}{u}} \right) < \varepsilon.} \\
\end{matrix}$$ Therefore $\left. {\overset{\sim}{u}}^{(i)}\rightarrow\overset{\sim}{u} \right.$.We have to prove $\overset{\sim}{u} \in h(gI)$.Since $\{{\overset{\sim}{u}}^{(i)}\}$ is a fundamental sequence in *h*(*gI*), we have $$\begin{matrix}
{\sum\limits_{k = 1}^{\infty}{d\left( {\left( {T{\overset{\sim}{u}}^{(i)}} \right)_{k},\overset{\sim}{0}} \right),\quad\quad\underset{k\rightarrow\infty}{\lim}d\left( {\overset{\sim}{u}}_{k},\overset{\sim}{0} \right) = 0.}} \\
\end{matrix}$$ Now, $$\begin{matrix}
{d\left\lbrack {\left\lbrack {T\overset{\sim}{u}} \right\rbrack_{k},\overset{\sim}{0}} \right\rbrack \leq d\left\lbrack {\left\lbrack {T\overset{\sim}{u}} \right\rbrack_{k},\left\lbrack {T{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k}} \right\rbrack + d\left\lbrack {\left\lbrack {T{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {T{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack} \\
{\quad + d\left\lbrack {\left\lbrack {T{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k},\overset{\sim}{0}} \right\rbrack.} \\
\end{matrix}$$ Hence $$\begin{matrix}
{{\sum\limits_{k = 1}^{\infty}{d\left( {\left( {T\overset{\sim}{u}} \right)_{k},\overset{\sim}{0}} \right)}} \leq {\sum\limits_{k = 1}^{\infty}{d\left\lbrack {\left\lbrack {T\overset{\sim}{u}} \right\rbrack_{k},\left\lbrack {T{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k}} \right\rbrack}}} \\
{\quad + {\sum\limits_{k = 1}^{\infty}{d\left\lbrack {\left\lbrack {T{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {T{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack}}} \\
{\quad + {\sum\limits_{k = 1}^{\infty}{d\left\lbrack {\left\lbrack {T{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k},\overset{\sim}{0}} \right\rbrack}}.} \\
\end{matrix}$$ Also from ([10](#EEq3.2.5){ref-type="disp-formula"}) and ([11](#EEq3.2.6){ref-type="disp-formula"}), ${\lim}_{k\rightarrow\infty}{d\lbrack(T\overset{\sim}{u})_{k},\overset{\sim}{0}) = 0}$. Hence $\overset{\sim}{u} \in h(gI)$. Since $\{{\overset{\sim}{u}}^{(i)}\}$ is an arbitrary fundamental sequence, the space *h*(*gI*) is complete.Similarly, we can prove *h* ~*∞*~(*gI*) is complete space.

Theorem 9 .The space *h*(*gI*) is monotone.

ProofLet *n* \< *m*; it follows from $$\begin{matrix}
{d\left( {{\overset{\sim}{u}}_{n},\overset{\sim}{0}} \right) \leq d\left( {{\overset{\sim}{u}}_{n} - {\overset{\sim}{u}}_{n + 1},\overset{\sim}{0}} \right) + d\left( {{\overset{\sim}{u}}_{n + 1} - {\overset{\sim}{u}}_{n + 2},\overset{\sim}{0}} \right)} \\
{\quad + \cdots + d\left( {{\overset{\sim}{u}}_{m - 1} - {\overset{\sim}{u}}_{m},\overset{\sim}{0}} \right) + d\left( {{\overset{\sim}{u}}_{m},\overset{\sim}{0}} \right)} \\
\end{matrix}$$ that $$\begin{matrix}
{\left\| {\overset{\sim}{u}}^{(n)} \right\| \leq {\sum\limits_{k = 1}^{n - 1}{kd\left( {{\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right)}} + nd\left( {{\overset{\sim}{u}}_{n} - {\overset{\sim}{u}}_{n + 1},\overset{\sim}{0}} \right)} \\
{\quad + \left( {m - 1} \right)d\left( {{\overset{\sim}{u}}_{m - 1} - {\overset{\sim}{u}}_{m},\overset{\sim}{0}} \right) + md\left( {{\overset{\sim}{u}}_{m},\overset{\sim}{0}} \right) = \left\| {\overset{\sim}{u}}^{\| m\|} \right\|.} \\
\end{matrix}$$The sequence $(\mathop{\text{||}}{\overset{\sim}{u}}^{(n)}\mathop{\text{||}})$ is monotone increasing; it thus follows from $\overset{\sim}{u} = {{\lim}_{n\rightarrow\infty}{\overset{\sim}{u}}^{(n)}}$ that $\left\| \overset{\sim}{u} \right\| = {{\lim}_{n\rightarrow\infty}{||{\overset{\sim}{u}}^{(n)}||}} = {{\sup}_{n}{||{\overset{\sim}{u}}^{(n)}||}}$. This completes the proof.

Theorem 10 .The space *h*(*gI*) is not rotund.

ProofConsider the sequences $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k})$ and $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k})$ defined by $$\begin{matrix}
{\overset{\sim}{u} = \left( {\overset{\sim}{u}}_{k} \right) = \left\{ {\left\lbrack 1,1 \right\rbrack,\overset{\sim}{0},\overset{\sim}{0},\ldots} \right\},} \\
{\overset{\sim}{v} = \left( {\overset{\sim}{v}}_{k} \right) = \left\{ {\left\lbrack {{1/{2,}}{1/{2,}}} \right\rbrack,\left\lbrack {{1/{2,}}{1/{2,}}} \right\rbrack,\overset{\sim}{0},\overset{\sim}{0},\ldots} \right\}.} \\
\end{matrix}$$ Then $$\begin{matrix}
{{\sum\limits_{k = 1}^{\infty}{d\left( {\left( {T\overset{\sim}{u}} \right)_{k},\overset{\sim}{0}} \right)}} < \infty,\quad\quad{\sum\limits_{k = 1}^{\infty}{d\left( {\left( {T\overset{\sim}{v}} \right)_{k},\overset{\sim}{0}} \right)}} < \infty.} \\
\end{matrix}$$ Also, $$\begin{matrix}
{\underset{k\rightarrow\infty}{\lim}d\left\lbrack {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\rbrack = 0,\quad\quad\underset{k\rightarrow\infty}{\lim}d\left\lbrack {{\overset{\sim}{v}}_{k},\overset{\sim}{0}} \right\rbrack = 0.} \\
\end{matrix}$$ Thus $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k})$ and $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k})$ are in *h*(*gI*) and ${\overset{\sim}{d}}_{h}(\overset{\sim}{u},\overset{\sim}{0}) = {\overset{\sim}{d}}_{h}(\overset{\sim}{v},\overset{\sim}{0}) = 1$.Note that $\overset{\sim}{u} \neq \overset{\sim}{v}$, but ${\overset{\sim}{d}}_{h}({\left( {\overset{\sim}{u} + \overset{\sim}{v}} \right)/2},\overset{\sim}{0}) = 1$. Therefore *h*(*gI*) is not rotund.

Theorem 11 .The space *h*(*gI*) is not solid.

ProofConsider the sequence $$\begin{matrix}
{\overset{\sim}{u} = \left( {\overset{\sim}{u}}_{k} \right) = \begin{cases}
{\left\lbrack 1,1 \right\rbrack,} & {1 \leq k \leq n} \\
{\left\lbrack 0,0 \right\rbrack,} & {k > n,} \\
\end{cases}} \\
{\overset{\sim}{v} = \left( {\overset{\sim}{v}}_{k} \right) = \left( \left\lbrack {\left\lbrack {- 1} \right\rbrack^{k},\left\lbrack {- 1} \right\rbrack^{k}} \right\rbrack \right).} \\
\end{matrix}$$ Since $$\begin{matrix}
{d\left\lbrack {{\overset{\sim}{v}}_{k},\overset{\sim}{0}} \right\rbrack = d\left\lbrack {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\rbrack = 1,\quad\quad d\left( {\left( {T\overset{\sim}{u}} \right)_{k},\overset{\sim}{0}} \right) = 0,} \\
\end{matrix}$$ it immediately follows that $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in h(gI)$.However, it is trivial that $d((T\overset{\sim}{v})_{k},\overset{\sim}{0}) = 2$. $d((T\overset{\sim}{v})_{k},\overset{\sim}{0}) \nleq d((T\overset{\sim}{u})_{k},\overset{\sim}{0})$, which implies $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k}) \notin h(gI)$. This completes the proof.

4. Dual Space of *h*(*gI*) {#sec4}
==========================

Definition 12 .The *α*-dual, *β*-dual, and *γ*-dual of *s*(*gI*) ⊂ *w*(*gI*) are, respectively, defined by $$\begin{matrix}
\left\{ {s\left\{ {gI} \right\}} \right\}^{\alpha} \\
{  = \left\{ {\left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\left\{ {{\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}} \right\} \in l_{1}\left\{ {gI} \right\}\,\,\forall\left\{ {\overset{\sim}{v}}_{k} \right\} \in s\left\{ {gI} \right\}} \right\}} \\
\left\{ {s\left\{ {gI} \right\}} \right\}^{\beta} \\
{\quad = \left\{ {\left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\left\{ {{\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}} \right\} \in cs\left\{ {gI} \right\}\,\,\forall\left\{ {\overset{\sim}{v}}_{k} \right\} \in s\left\{ {gI} \right\}} \right\}} \\
\left\{ {s\left\{ {gI} \right\}} \right\}^{\gamma} \\
{\quad = \left\{ {\left\{ {\overset{\sim}{u}}_{k} \right\} \in w\left\{ {gI} \right\}:\left\{ {{\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}} \right\} \in bs\left\{ {gI} \right\}\,\,\forall\left\{ {\overset{\sim}{v}}_{k} \right\} \in s\left\{ {gI} \right\}} \right\}.} \\
\end{matrix}$$ It is trivial that the following inclusions hold: {*s*(*gI*)}^*α*^ ⊂ {*s*(*gI*)}^*β*^ ⊂ {*s*(*gI*)}^*γ*^.

Theorem 13 .Let *E*(*gI*) and *E* ~1~(*gI*) be the sets of sequences of modals. Then the following statements hold.(i)*E*(*gI*)⊂\[*E*(*gI*)\]^*ββ*^.(ii)\[*E*(*gI*)\]^*βββ*^ = \[*E*(*gI*)\]^*β*^.(iii)If *E* ~1~(*gI*)⊃*E*(*gI*) then \[*E* ~1~(*gI*)\]^*β*^ ⊂ \[*E*(*gI*)\]^*β*^.The same results hold for dual also.

ProofLet $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k})$, $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k})$, and $\overset{\sim}{w} = ({\overset{\sim}{w}}_{k})$ be sequences of modal intervals.(i) Suppose $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \notin \lbrack E(gI)\rbrack^{\beta\beta}$; then $({\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}) \notin cs(gI)$ for at least one $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k}) \in \lbrack E(gI)\rbrack^{\beta}$. But $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k}) \in \lbrack E(gI)\rbrack^{\beta}$ implies that $({\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}) \in cs(gI)$ for all $\overset{\sim}{w} = ({\overset{\sim}{w}}_{k}) \in E(gI)$.This means that $\overset{\sim}{u}$ is not a member of *E*(*gI*). Hence *E*(*gI*)⊂\[*E*(*gI*)\]^*ββ*^. The proof for (ii) follows similarly.(iii) Suppose $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in \lbrack E_{1}(gI)\rbrack^{\beta}$; then $({\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}) \in cs(gI)$ for all $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k}) \in E_{1}(gI)$. Since *E* ~1~(*gI*)⊃*E*(*gI*), $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k}) \in E(gI)$. Thus \[*E* ~1~(*gI*)\]^*β*^ ⊂ \[*E*(*gI*)\]^*β*^.Define the sequence $\overset{\sim}{y} = ({\overset{\sim}{y}}_{k})$ which will be frequently used as the *B*-transform of a sequence $\overset{\sim}{x} = ({\overset{\sim}{x}}_{k}) \in w(gI)$.That is, $$\begin{matrix}
{{\overset{\sim}{y}}_{k} = \left( {B\overset{\sim}{x}} \right)_{k} = \frac{1}{k}{\sum\limits_{i = 1}^{k}{\overset{\sim}{x}}_{i}}.} \\
\end{matrix}$$ The Cesaro space of *l* ~*∞*~(*gI*) is the set of all sequences such that the *B*-transforms of them are in *l* ~*∞*~(*gI*). That is, $\sigma(l_{\infty}(gI)) = \{\overset{\sim}{x} = ({\overset{\sim}{x}}_{k}),{{\sup}_{k}{d\lbrack\left( {B\overset{\sim}{x}} \right)_{k},\overset{\sim}{0}\rbrack < \infty}}\}$.

Theorem 14 .*σ*(*l* ~*∞*~(*gI*)) is a complete metric space with the metric ${\overset{\sim}{d}}_{\sigma}(\overset{\sim}{u},\overset{\sim}{v}) = {{\sup}_{k}{d\lbrack\left( {B\overset{\sim}{u}} \right)_{k},\left( {B\overset{\sim}{v}} \right)_{k}\rbrack}}$ where $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k})$ and $\overset{\sim}{v} = ({\overset{\sim}{v}}_{k})$ are the elements of space *σ*(*l* ~*∞*~(*gI*)).

ProofLet $\{{\overset{\sim}{u}}^{(i)}\}$ be any fundamental sequence in the space *σ*(*l* ~*∞*~(*gI*)) where $\{{\overset{\sim}{u}}^{(i)}\} = \{{{\overset{\sim}{u}}_{0}}^{(i)},{{\overset{\sim}{u}}_{1}}^{(i)},\ldots\}$. Then for a given *ε* \> 0, there exists a positive integer *n* ~0~(*ε*) such that $$\begin{matrix}
{{\overset{\sim}{d}}_{\sigma}\left( {{\overset{\sim}{u}}^{(i)},{\overset{\sim}{u}}^{(j)}} \right) = \underset{k}{\sup}d\left\lbrack {\left\lbrack {B{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {B{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack < \varepsilon,} \\
{\phantom{hhhhhhhhhhhhhhhhhhhhhhhhh}\forall i,j \geq n_{0}\left( \varepsilon \right).} \\
\end{matrix}$$ We obtain for each fixed *k* ∈ *N* from ([24](#EEq4.3.1){ref-type="disp-formula"}) that $$\begin{matrix}
{d\left\lbrack {\left\lbrack {B{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {B{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack < \varepsilon} \\
\end{matrix}$$ which leads to the fact that $(B{\overset{\sim}{u}}^{(i)})_{k}$ is a fundamental sequence for every fixed *k* ∈ *N*. Since *gI* is complete, $\left. (B{\overset{\sim}{u}}^{(i)})_{k}\rightarrow(B\overset{\sim}{u})_{k} \right.$ as *i* → *∞*.Consider the sequence $\{(B\overset{\sim}{u})_{1},(B\overset{\sim}{u})_{2},\ldots\}$. We have from ([25](#EEq4.3.2){ref-type="disp-formula"}) for each *m* ∈ *N* and *i*, *j* ≥ *n* ~0~(*ε*) that $$\begin{matrix}
{\underset{k}{\sup}d\left\lbrack {\left\lbrack {B{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {B{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack \leq {\overset{\sim}{d}}_{\sigma}\left( {{\overset{\sim}{u}}^{(i)},{\overset{\sim}{u}}^{(j)}} \right) < \varepsilon,} \\
{\phantom{hhhhhhhhhhhh}\text{for}{\,\,}k = 1,2\ldots m,\,\,\forall i,j \geq n_{0}\left( \varepsilon \right).} \\
\end{matrix}$$ For any *i* ≥ *n* ~0~(*ε*), taking limit *j* → *∞* first and letting *m* → *∞* in ([24](#EEq4.3.1){ref-type="disp-formula"}), we obtain $$\begin{matrix}
{{\overset{\sim}{d}}_{\sigma}\left( {{\overset{\sim}{u}}^{(i)},\overset{\sim}{u}} \right) < \varepsilon.} \\
\end{matrix}$$ Finally, we proceed to prove $\overset{\sim}{u} \in \sigma(l_{\infty}(gI))$. Since $\{{\overset{\sim}{u}}^{(i)}\}$ is a fundamental sequence in *σ*(*l* ~*∞*~(*gI*)), we have ${\sup}_{k}{d\lbrack(B{\overset{\sim}{u}}^{(i)})_{k},\overset{\sim}{0}\rbrack < \infty}$.Now, $$\begin{matrix}
{d\left\lbrack {\left\lbrack {B\overset{\sim}{u}} \right\rbrack_{k},\overset{\sim}{0}} \right\rbrack \leq d\left\lbrack {\left\lbrack {B\overset{\sim}{u}} \right\rbrack_{k},\left\lbrack {B{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k}} \right\rbrack} \\
{\quad + d\left\lbrack {\left\lbrack {B{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {B{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack + d\left\lbrack {\left\lbrack {B{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k},\overset{\sim}{0}} \right\rbrack,} \\
{\underset{k}{\sup}d\left\lbrack {\left\lbrack {B\overset{\sim}{u}} \right\rbrack_{k},\overset{\sim}{0}} \right\rbrack \leq \underset{k}{\sup}d\left\lbrack {\left\lbrack {B\overset{\sim}{u}} \right\rbrack_{k},\left\lbrack {B{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k}} \right\rbrack} \\
{\quad + \underset{k}{\sup}d\left\lbrack {\left\lbrack {B{\overset{\sim}{u}}^{\lbrack i\rbrack}} \right\rbrack_{k},\left\lbrack {B{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k}} \right\rbrack} \\
{\quad + \underset{k}{\sup}d\left\lbrack {\left\lbrack {B{\overset{\sim}{u}}^{\lbrack j\rbrack}} \right\rbrack_{k},\overset{\sim}{0}} \right\rbrack < \infty.} \\
\end{matrix}$$ Hence $\overset{\sim}{u} \in \sigma(l_{\infty}(gI))$.Since $\{{\overset{\sim}{u}}^{(i)}\}$ is an arbitrary fundamental sequence, the space *σ*(*l* ~*∞*~(*gI*)) is complete.

Theorem 15 .The *β*-*dual* and *γ*-*dual* of *h*(*gI*) are *σ*(*l* ~*∞*~(*gI*)).

ProofLet $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in h(gI)$ and $({\overset{\sim}{v}}_{k}) \in \sigma(l_{\infty}(gI))$. Since $({\overset{\sim}{u}}_{k}) \in h(gI)$, we have ${\lim}_{k\rightarrow\infty}{d\lbrack{\overset{\sim}{u}}_{k},\overset{\sim}{0}\rbrack = 0}$. Therefore for given *ε* \> 0, there exists *n* ~0~ such that $d\lbrack{\overset{\sim}{u}}_{k},\overset{\sim}{0}\rbrack < \varepsilon$.Since $({\overset{\sim}{v}}_{k}) \in \sigma(l_{\infty}(gI))$, ${\sup}_{k}{d\lbrack\left( {B\overset{\sim}{v}} \right)_{k},\overset{\sim}{0}\rbrack < \infty}$. Thus $d\lbrack{\overset{\sim}{v}}_{k},\overset{\sim}{0}\rbrack < \infty$ for all *k* and *n*.Hence there exists an *M* \> 0 such that $d\lbrack{\overset{\sim}{v}}_{k},\overset{\sim}{0}\rbrack < M$ for all *k* and *n*.Now, $$\begin{matrix}
{d\left\lbrack {{\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k},\overset{\sim}{0}} \right\rbrack < d\left\lbrack {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\rbrack d\left\lbrack {{\overset{\sim}{v}}_{k},\overset{\sim}{0}} \right\rbrack < \varepsilon M.} \\
\end{matrix}$$ $\sum_{k = 1}^{\infty}{{\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}}$ converges uniformly by Weierstrass *M*-test.Thus $$\begin{matrix}
{\sigma\left( {l_{\infty}\left( {gI} \right)} \right) \subset \left\lbrack {h\left\lbrack {gI} \right\rbrack} \right\rbrack^{\beta}.} \\
\end{matrix}$$ Conversely, suppose $({\overset{\sim}{v}}_{k}) \in \lbrack h(gI)\rbrack^{\beta}$. Then the series $\sum_{k = 1}^{\infty}{{\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}}$ converges for all $({\overset{\sim}{u}}_{k}) \in h(gI)$. This also holds for the sequence of modals $({\overset{\sim}{u}}_{k})$ defined by $({\overset{\sim}{u}}_{k}) = (\lbrack - 1,1\rbrack)$ for all *k* ∈ *N*.${\sum_{k = 1}^{\infty}{{\overset{\sim}{u}}_{k}{\overset{\sim}{v}}_{k}}} = {\sum_{k = 1}^{\infty}{\lbrack - 1,1\rbrack\lbrack{\underset{\_}{v}}_{k}}},{\overset{-}{v}}_{k}\rbrack = {\sum_{k = 1}^{\infty}{\max\{\left| {\underset{\_}{v}}_{k} \right|}},\left| {\overset{-}{v}}_{k} \right|\rbrack$ converges uniformly. Thus ${\sup}_{k}{d\lbrack\left( {B\overset{\sim}{v}} \right)_{k},\overset{\sim}{0}\rbrack < \infty}$.Hence $$\begin{matrix}
{\left( {\overset{\sim}{v}}_{k} \right) \in \sigma\left( {l_{\infty}\left( {gI} \right)} \right),\quad\quad\left\lbrack {h\left\lbrack {gI} \right\rbrack} \right\rbrack^{\beta} \subset \sigma\left( {l_{\infty}\left( {gI} \right)} \right).} \\
\end{matrix}$$ From ([30](#EEq4.4.1){ref-type="disp-formula"}) and ([31](#EEq4.4.2){ref-type="disp-formula"}), \[*h*(*gI*)\]^*β*^ = *σ*(*l* ~*∞*~(*gI*)). This completes the proof.

Theorem 16 .Consider(i) *h*(*gI*) ⊂ *l* ~1~(*gI*)∩∫*c* ~0~(*gI*).(ii) *h*(*gI*) = *l* ~1~(*gI*)∩∫*bv*(*gI*) = *l* ~1~(*gI*)∩∫*bv* ~0~(*gI*).

Proof(i) Let $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in h(gI)$. Then ${\sum_{k = 1}^{\infty}{d((T\overset{\sim}{u})_{k},\overset{\sim}{0})}} < \infty$ and ${\lim}_{k\rightarrow\infty}{d\lbrack{\overset{\sim}{u}}_{k},\overset{\sim}{0}\rbrack = 0}$.Consider ${\sum_{k = 1}^{\infty}{d({\overset{\sim}{u}}_{k},\overset{\sim}{0}) \leq}}{\sum_{k = 1}^{\infty}{d((T\overset{\sim}{u})_{k},\overset{\sim}{0})}} < \infty$. Therefore, $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in l_{1}(gI)$.And also since ${{\lim}_{k\rightarrow\infty}{d\lbrack k{\overset{\sim}{u}}_{k},\overset{\sim}{0}\rbrack}} = {{\lim}_{k\rightarrow\infty}{kd\lbrack{\overset{\sim}{u}}_{k},\overset{\sim}{0}\rbrack = 0}}$, $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in {\int{c_{0}(gI)}}$.Therefore, $\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in l_{1}(gI) \cap {\int{c_{0}(gI)}}$. Hence *h*(*gI*) ⊂ *l* ~1~(*gI*)∩∫*c* ~0~(*gI*).(ii) For *k* = 1,2,..., $$\begin{matrix}
{k\left( {{\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1}} \right) = {\overset{\sim}{u}}_{k + 1} + k{\overset{\sim}{u}}_{k} - k{\overset{\sim}{u}}_{k + 1} - {\overset{\sim}{u}}_{k + 1}} \\
{= {\overset{\sim}{u}}_{k + 1} + \left\lbrack {k{\overset{\sim}{u}}_{k} - \left\lbrack {k + 1} \right\rbrack{\overset{\sim}{u}}_{k + 1}} \right\rbrack.} \\
\end{matrix}$$$\overset{\sim}{u} = ({\overset{\sim}{u}}_{k}) \in h(gI)$ implies $$\begin{matrix}
{\infty > {\sum\limits_{k = 1}^{\infty}{d\left( {\left( {T\overset{\sim}{u}} \right)_{k},\overset{\sim}{0}} \right)}} = {\sum\limits_{k = 1}^{\infty}{d\left( {k\left( {{\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1}} \right),\overset{\sim}{0}} \right)}}} \\
{\geq {\sum\limits_{k = 1}^{\infty}{d\left\lbrack {k{\overset{\sim}{u}}_{k} - \left\lbrack {k + 1} \right\rbrack{\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right\rbrack}}{\,\,}} \\
{\quad - {\sum\limits_{k = 1}^{\infty}{d\left( {{\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right)}}.} \\
\end{matrix}$$The last series is convergent since *h*(*gI*) ⊂ *l* ~1~(*gI*). Hence also ${\sum_{k = 1}^{\infty}{d\lbrack k{\overset{\sim}{u}}_{k} - (k + 1){\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}}}\rbrack < \infty$ and therefore *h*(*gI*) ⊂ ∫*bv*(*gI*).Hence $$\begin{matrix}
{h\left( {gI} \right) \subset l_{1}\left( {gI} \right) \cap {\int{bv\left( {gI} \right)}}.} \\
\end{matrix}$$ Conversely, ([32](#EEq4.5.1){ref-type="disp-formula"}) implies for $({\overset{\sim}{u}}_{k}) \in l_{1}(gI) \cap {\int{bv(gI)}}$ $$\begin{matrix}
{{\sum\limits_{k = 1}^{\infty}{d\left( {\left( {T\overset{\sim}{u}} \right)_{k},\overset{\sim}{0}} \right)}} = {\sum\limits_{k = 1}^{\infty}{d\left( {k\left( {{\overset{\sim}{u}}_{k} - {\overset{\sim}{u}}_{k + 1}} \right),\overset{\sim}{0}} \right)}}} \\
{\leq {\sum\limits_{k = 1}^{\infty}{d\left\lbrack {k{\overset{\sim}{u}}_{k} - \left( k + 1 \right){\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right\rbrack}}} \\
{\quad + {\sum\limits_{k = 1}^{\infty}{d\left( {{\overset{\sim}{u}}_{k + 1},\overset{\sim}{0}} \right)}} < \infty,} \\
{\underset{k\rightarrow\infty}{\lim}d\left\lbrack {{\overset{\sim}{u}}_{k},\overset{\sim}{0}} \right\rbrack = 0.} \\
\end{matrix}$$ Thus $\left( {\overset{\sim}{u}}_{k} \right) \in h\left( {gI} \right)$.Therefore, $$\begin{matrix}
{l_{1}\left( {gI} \right) \cap {\int{bv\left( {gI} \right)}} \subset h\left( {gI} \right).} \\
\end{matrix}$$ Hence from ([34](#EEq4.5.2){ref-type="disp-formula"}) and ([36](#EEq4.5.3){ref-type="disp-formula"}), we have shown that *h*(*gI*) = *l* ~1~(*gI*)∩∫*bv*(*gI*).Similarly, we can prove other equalities.
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